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ABSTRACT 
Restrictions are presented on the radical structure of an indecomposable Lie 
algebra. These restrictions are consequences of both the Levi theorem and the 
representation theory of semisimple Lie algebras. As an application, all real Lie 
algebras of dimension 9 that admit a nontrivial Levi decomposition are found. These 
algebras are expressed in terms of known solvable and simple algebras of smaller 
dimensions and in terms of representations of simple algebras. 
1. INTRODUCTION 
It is of interest for physical applications to classify all real Lie algebras 
into isomorphy classes. The present study forms a part of a series of papers, 
by several authors, in which low-dimensional real Lie algebras are enumer- 
ated. At this stage all real Lie algebras of dimension up to six are known; for 
a list of references see e.g. [l], [2], and [3]. 
The aim of this paper is to investigate nonsemisimple, nonsolvable Lie 
algebras over the field of real numbers. The method which we employ is 
based on the Levi theorem. We shall denote by N the radical of a 
finite-dimensional Lie algebra I,, i.e. the maximal solvable ideal. It is always 
possible to find a basis of L such that L contains a semisimple subalgebra S, 
called the Levi factor, complementary to N [4-61. The decomposition 
I. = N i S, where i denotes the vector-space sum of N and S, is called the 
Levi decomposition, and the following relations hold: [N, N] c N, [S, N] c N, 
[s, s] = s. 
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There are two possibilities for interaction of the subalgebras N and S: 
either [S, N] = 0 or [S, N] f 0; to distinguish between them we write L = 
N@S and L = NGS, respectively, instead of L = N -i- S. There are no restric- 
tions i$ solvable algebra N when N@S structure is considered. However, 
for N@S the above statement is not true. It was the subject of our prev@s 
paper [3] to find all possible radical structures for algebras L = N@S, 
dim L < 8, and, as a consequence, all nontrivial Levi decompositions for 
algebras of dimensions up to 8. “Nontrivial” should be understood in the 
sense that these algebras are not direct sums of algebras of lower dimensions, 
that is, they are indecomposable algebras. 
In this paper, in-section 3, we give a similar list of real indecomposable 
Lie algebras L = N@S, dim L = 9, where N # 0 and S # 0. This list and the 
previous one seem to be useful in that the algorithms of identifying Lie 
algebras are known [l] and a computer program is available that realizes the 
Levi decomposition for Lie algebras over the real numbers [7]. Section 2 
collects some facts on the radical structure that are valid for an algebra of any 
dimension and that are used in Section 3. In Se_ction 4 we point out which of 
the nine-dimensional real Lie algebras L = N@S coincide over the field of 
complex numbers C. 
2. THE RADICALS 
Let L be a Lie algebra over the field of real numbers, and let L = N6S 
be its Levi decomposition. Therefore, for r E S and a E N, one has 
[x,a]=R(x)*a, (1) 
where R(x) is a linear mapping of N into N, and R(x) * a denotes the image 
under R(x) of a in N. Let {e,,..., ehr} be a basis of N. With respect to the 
given basis, R(x) are real n X n matrices, n = dim N; we define R(x) * eL by 
R(x)* eL = CkzIRf(x)e,. Under a change of the radical basis the matrices 
R:(x) behave as a tensor of type (1,l): if Z, = qlel, then Ez(x)Fk = 
R&(x)~~*. (Any index that appears twice, once as a subscript and once as a 
superscript, is understood to be summed over.) 
The Jacobi identity for the triples {x, y, a}, where x, y E S and a E N, 
requires the linear mapping R : S 3 x -+ R(x) E GL(n, R), where GL(n, [w) 
denotes the general linear algebra of all n X n real matrices, to be a 
representation of S: 
R([x,y])*a=R(x)*(R(y)*a)-R(y)*(R(x)*a). (2) 
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Therefore, the representations of the Levi factors can be used to label 
semidirect sums; to specify the semidirect sum, we should give the represen- + 
tation R and write L = N @ S instead of L = N%S. For an indecomposable 
algebra L = N G S the reptesentation R is faithful: R(x) = 0 implies x = 0. 
Furthermore, tht Jacobi identity, for the triples (r , a, b}, reads 
R(x)*[a,b]=[R(x)*a,b]+[a,R(x)*b]. (3) 
Hence, R(x) E Del(N) for all x in S, where Del(N) denotes the derivation 
algebra of N. These derivations R(x) are outer ( = non-inner) in N. 
The existence of derivations R(x) E Der(N), which form a semisimple 
derivation algebra, is reflected in certain restrictions on the radical structure. 
There are some useful properties of radicals implied by (2) and (3) which are 
valid for any dimension of N. Let R(x) E Der(N) act on the radical N. Since 
N is solvable, the &riued series defined by N(O) = N, NC’) E [N, N],. . . , 
N”, E [NC’- I), NC’-- “1 goes down to zero. All these N”’ are characteristic 
idea2.s in N, that is, N”’ are invariant subspaces of N under R(r): 
R(x) N"' G N"', (4 
for all x in S and all r [5, p. 61. We recall also that the radical N is mapped 
into the maximal nilpotent ideal of N, called nilradical, by any R(x) E 
Der( N): 
R(x)N c NR, (5) 
where NR denotes the nilradical contained in the radical [6, p. 513. 
THEOREM 2.1. Let_R(x) E Der(N) for all x in S, and let it o!ejk the 
semidirect sum L = N @ S. For an irreducible representation R of the Levi 
R 
factor S the radical N is Abelian. 
Proof. As a consequence of (4) for R irreducible, either No) = 0 or 
N(r) = N. As N is solvable, No) # N. n 
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THEOREM 2.2. Let _$(r) E Der(N) fw all x in S, and let it define the 
semidirect sum L = N @ S. For a reducible representation R of the Levi 
factor S (completely dR ‘bl re uca e, since S is semisimple) that does not possess a 
zero representation in its decomposition into the direct sum of irreducible 
representations, the radical N is nilpotent. 
Proof. According to (5) we have N = NR. n 
Finally, we shall use the fact that if R is a reducible representation of S 
that possesses a zero representation in its decomposition into the direct sum 
of irreducible representations, then the set of R-constant elements, i.e., the 
set of elements z E N satisfying R(x) * z = 0 for all x E S, is a subalgebra of 
N [6, p. 281. 
3. REAL LIE ALGEBRAS OF DIMENSION 9 
In this section we give all real indecomposable Lie algebras L = NGS of 
dimension 9 such that N # 0 and S # 0. 
There are nine semisimple real Lie algebras of dimension less than 9, 
namely: SO(~), sl(2, R), so(3, l), so(3) @ SO(~), sl(2, R) @ sl(2, R), so(3) @ sl(2, R), 
su(3), sl(3, R), and su(2,l). However, for an indecomposable algebra NGS, a 
faithful n x n real matrix representation of the Levi factor is required, where 
n = dim N. As a consequence, we consider g-dimensional algebras only with 
S = SO(~) and S = sl(2, R). 
As an example let us consider the algebras N @ sl(2, R) assuming 
R = D,@3D,, where D, (J = 0, i, 1,. . .) d enote represRentations of sl(2, R) 
taken in its standard form. This implies the following nonzero structure 
constants: C2,, = 2, C3,, = -2, Cl,, = 1 and, via the relation (11, C4,, = 2, 
C6,, = - 2, C4, = 2, C5,, = 1, C5, = 1, C635 = 2, where Cikl (i, k, I= 1,2,3) 
define sl(2, R), and CfK (I, K = 4, . . . , 9 and j = 1,2,3) define the commuta- 
tors of [S, N] type, i.e., the semidirect sum. 
In the next step, we look for the radicals that have the derivations by 
R = D,03D,. These radicals are solvable algebras of dimension 6. Let US 
denote the set of R-constant elements in the radical N by (2). As was 
mentioned in the previous section, {.a} is a subalgebra of N. We are allowed 
to choose as this subalgebra an arbitrary S-dimensional solvable Lie algebra 
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which is specified by Cr,K (I, J, K = 7,8,9>. To obtain the remaining struc- 
ture constants and make the radical structure precise, we use directly the 
Jacobi identity (3). It is easy to find that there are only three nonisomorphic, 
6-dimensional radicals that lead to three indecomposable algebras Ns sl(2, R), 
namely: 
defined by C4,, = 1, C’,, = 1, C6,a = 1, C7,, = p, C”,, = 4 (to avoid 
decomposability into the sum of lower dimensional algebras we assume 
p # 0 and 4 f 01, 
defined by C4,, = 1, C’,, = 1, C”,a = 1, C7,, = p, C7,, = 1, @,a = p 
(p arbitrary), and 
defined by C4,, = p, C’,, = p, C6,, = p, C77, = q, C*,, = - 1, C7,, = 1, 
c”,, = 4 (to avoid decomposability we assume p # 0, whereas 9 > 0 is 
assumed to avoid double counting). 
To obtain the structure constants given above we use the freedom to 
perform a transformation of the radical basis elements {e4,. . . , ea}; in the case 
of R = D,@3D,, we are allowed to perform the following transformation Y 
that does not change commutators [S, N], RF(r)rL = R’,(x)FLN: 
I 9 : .o 0 0 0 
y= . . . . . . . . i?..?...? I 0 0 0. 
I 000: Y 0 0 0: I 
\ 
where the matrix 9, by Schur’s lemma, is a scalar multiple of the identity, 
and W is an arbitrary nonsingular 3x3 real matrix. 
-+ 
As the second example let us consider N @ SO(~), assuming R = 2 ad SO(~) 
[ = adso(3)@adso(3)]. As a consequence oPTheorem 2.2 the radical N of 
dimension 6 is nilpotent. Furthermore, as a consequence of (4) one has either 
dim N(i) = 0, or dim N(i) = 3 and dim N (‘) = 0 Therefore, N is Abelian or it . 
is a nilpotent algebra that possesses the Abelian 3-dimensional derived 
algebra. To specify its structure in the second case mentioned above, we 
apply the fact that the ideal N& defined by Ncz, = [N(l), N], must be the 
characteristic ideal in N, i.e., R(x)Nc2, c Nc2, for all x in S. Since N is 
nilpotent, we have dim NC,, < dim N(l), and this implies dim Nca, = 0. There is 
only one nilpotent algebra N, dim N = 6, that contains a sequence of charac- 
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TABLE 1 
REAL LIE ALGEBRAS OF DIMENSION 9 THAT ADMIT A NONTRIVIAL LEVI DECOMPOSITION: 
THE SEMIDIRECT SUMS 
The representation 
of the Levi factor 
Levi that defines Nonzero structure constants 
No. factor the semidirect sum of the semidirect sum 
1. sof3) 
2. sot31 
3. so(3) 
4. so(3) 
5. sl(2, R) 
6. sl(2, RI 
7. sl(2, R) 
8. sl(2, RI 
9. sl(2, RI 
ad s&3) @ 3D, 
R,@2D, 
Rs@Da 
2 ad SO(~) 
D1,@4Da 
D,83D, 
Ds,,@2Do 
2D,,,@2Do 
D,@Do 
c’,, = ;, 
c4 ! 17 = -1, 
C’l, = +, 
6 e-1 
c15- 2) 
C4 17 = -2, 
CS,, = 3, 
csls = 1, 
c4r4 = 2, 
cs,, = - 2, 
c4 -3 14- 3 
c51, = 1, 
c4 -1 14- > 
cs,, = -4, 
c6,, = - 1, 
c?,, = 1, 
c5,4 = 1 
c4,, = ‘_I +, 
c’,, = +, 
c6,, = - ;, 
c”,, = +, 
c7 =I 
25 2, 
c4,, = -2, 
cs,, = - 2, 
c8,, = - 1, 
c’ =3 2x 
csa, = - 1, 
$ss : : 1, 
c727 _ 1 
29- T 
c4,5 = 1, 
es4 = 1, 
cd,=-1 
cs,, = +, 
c7,=-; 
c4,= -f, 
c5,, = + 
c5, = 2, 
cd,, = -2, 
c’, = 1, 
cs,’ = - 1, 
c5,, = 1, 
c4s5 = - 1, 
c”,, = 1, 
c’s, = - 1 
c5, = 1, 
c4,, = 2, 
cs,, = 1, 
c4,, = 3, 
cs,, = 2, 
css7 = 1, 
c4,, = 1, 
c6,, = 1, 
= ;s:; =;I 
cs,, = 2, 
c’s, = 1, 
c5s4 = 1 
cs,, = 2’ 
cs, = 1, 
cs,, = 2, 
c’s, = 3, 
c?,, = 1, 
c’s, = 1, 
c5, = 1, 
cs, = 2, 
= 
$;; = ;> 
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No. 
Levi 
factor 
The representation 
of the Levi factor 
that defines 
the semidirect sum 
Nonzero structure constants 
of the semidirect sum 
10. sl(2, RI 
11. sI(2, R ) D 5/2 
12. s1(2, R 1 J’,/,@D1/2 
13. sl(2, R) 2D, 
14. sl(2, R) 3&,2 
cd,, = 3, 
c5,, = 2 
c6,, = 1: 
cH2, = 1, 
cd,, = 2, 
c5,, = 1, 
c7 =2 
C”;; = 1: 
cd,, = 1, 
c”,, = 1, 
CH2, = 1, 
c?,, = 1, 
c6 =2 
c?;: = 1: 
c5, = 1, 
c6,, = 2 
c’,, = 3: 
= 
$; = ;: 
c5,, = 1, 
c6,, = 2 
V3, = 3: 
ca 38 =1 7 
c5,, = 1, 
:jHb:; I f: 
cg,, = 2 
c5,, = 1, 
CT,, = 1, 
c?,, = 1, 
teristic ideals of the required type: dim N(i) = 3, dim NC,, = 0; it is denoted 
by &a,s (see Reference [8]). One directly verifies that, for the algebra &a,a 
and the representation R = 2adso(3), the Jacobi identity (3) is satisfied. 
All our results are presented in Tables 1 and 2. In Table 1 faithful 
representations of so(S) and sl(2, R) Levi factors are given in the form of 
6 ~6 real matrices. The algebras ~(3) and sl(2, R) are defined by the 
following nonvanishing structure constants: C3,, = 1, C2,, = 1, Cl,, = 1 and 
c2,2 = 2, c3,, = -2, cl,, = 1, respectively. The symbols R, and Dcn_lj,2 
denote n x n real matrix representations of ~$3) and sl(2, R), respectively, 
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REAL LIE ALGEBRAS OF DIMENSION 9 THAT ADMIT A NONTRIVIAL LEVI DECOMPOSITION a 
The representation 
of the Levi factor 
Levi that defines 
Name decomposition the semidirect sum 
Nonzero structure 
constants of the radical 
Lgp 
G.2 
Li'3y 
L 9,4 
L&i 
Lg.; 
L9p,7 
L 9,x 
L 9.9 
L 9.10 
L 9.11 
L 9.12 
ad SO(~) @3D, 
g,,,@ + so(3) ad SO(~) @ 3D, 
&j,@ -+ so(3) 
p+o,q>o 
ad SO(~) CB 3D, 
R4@2Do 
g,, I@ + sot31 
P#O 
R4@2Do 
&j, II@ -+ d3) 
q+o 
R4@2Do 
g6, I@ -+ sot31 
6.cdIe + 43) 
a&e + so(3) 
Ja$J2@ + sl(2, R) 
R4@2Do 
R4@2Do 
R,@DO 
2adso(3) 
2 ad SO(~) 
D,/,@4Do 
“1/,@4Do 
$;; I ;, 
= ;4;: = y”’ 
C7”, = 1: 
z-1 $3 = 1 ’ 
c4,, = 1, 
c7,, = 1, 
c4,, = p, 
c7sg = - 1, 
c5 -1 79- ) 
C”,, = 1, 
c”,, = 1, 
$;Cp,” 
c4,, = 1, 
c7, = 1, 
CT,, = 1, 
c44g = 1, 
c7,, = 1, 
c?,, = 1, 
c6,, = 1, 
c4,, = 1, 
C7,, = 9, 
c;, = 1 
c7,g = 1: 
c5s, = p, c66g = p, 
c6,, = - 1, 
c6 = 
89 q 
c*,, = 1, css6 = -1, 
c5sg = 1, c6, = 1, 
CH,9=p 
c”,, = - 1, c5,, = p, 
c6 - 69 7 P, 
c”,, = q 
c44g = p, c6,, = 1, 
c5 - 59 - P, c7,, = 1, 
c6 - 69 - P, 
c” ‘__I 
79- I 
c”,, = 2p 
c64g = 1, cs,, = 1 
cd,, = i 1, 
c5,, = 1 
cs,, = 1’ 
P, = 1, 
c”,, = -1, C7,,=l 
c6,, = 1, CT,, = 1 
c5,, = 1, c669 = p, 
CH,, = r 
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TABLE 2 Continued 
The representation 
of the Levi factor 
Levi that defines Nonzero structure 
Name decomposition the semidirect sum constants of the radical 
W4 
4.15 
L,P,20 
L&2, 
L 8.22 
g6,28 -a s@, R) 
P#O 
g6,,8 + SIC?, R) 
g,,,@ -B sl(2, R) 
pq + 0, r 2 0 
g,, ,@ -+ sl(2,R) 
Pq + 0 
g,, 13@ -+ sl(2, R) 
p2 + q2 # 0 
g,, 14~ + sl(2, R) 
g6,21e + sK2, R) 
g,,,,e -, SK% R) 
g,.,ijQ --) sl(2, R) 
g,.,,@ -+ SK% R) 
P#O 
g6,,8 --, sK2, RI 
p+o,q,o 
c449 = 1, 
c7 - 79 - 4> 
c4,g = 1, 
=l 
;k; 
c44g = p, 
c’ =r, 
c7;; = 1, 
c645 = 1, 
c6,, = 2, 
$; I ;: 
ca,, = 1 
c669 = z’p, 
c”,, = 2p 
cd,, = 1, 
P,, = 1 
c”,, = I; 
c6,, = 1 
c6,, = 2: 
cs*9 = P 
c6,, = 1, 
g:;i 1;: 
C4,, = p, 
P,, = 1 
CT,, = 1: 
c6, = 1, 
=2p, 
g:z = 1, 
c5,, = 1, 
c7,, = 1, 
cs,, = 1, 
c77g = p, 
59 = P, 
$,, = - ] 
c”,, = r 
c4,g = 1, 
c7 - 79 - P, 
c5,, = 1, 
c7 - 79 - P, 
49 = P, 
Eq7y = 1, 
c5,, = 1 
c77g = P: 
c4,, = 1, 
c7 - 79 - P, 
=l 
;:;I = 1: 
c”,, = 2 
c559 = p, 
c7, = 4, 
c”,,=q 
c44g = p, 
c’ - 79 - 4> 
c”, = 4 
c66g = p, 
C76, = 1, 
c6,, = q> 
c5,, = 1 
c”,, = q’ 
=p+q, 
$;; = q 
59= P, 
g9 = 1, 
c6 -2 69- p, 
c7,, = 1, 
c5,, = 1, 
c7,, = 1, 
c5,, = 1 
CT,, = 2: 
c6,, = 2q, 
cs,g = - 1, 
c55g = p, 
c”,, = - 1, 
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TABLE 2 Continued 
Name 
Levi 
decomposition 
The representation 
of the Levi factor 
that defines 
the semidirect sum 
Nonzero structure 
constants of the radical 
LG.25 g,,,,@ -+ m, l-0 
IPI G 1 
%6 
4.27 
VI.35 
L 9.36 
g,,,@ + m, RI 
&=+l 
g,,,g@ + SC& RI 
N6p~3pycB + s1(2, R) 
‘p2 + 92 f 0 
g,,,@ -+ SK% R) 
P9fO 
g,,,@ 4 sN2, I-0 
g,,,@ + sl(2, R) 
pzo,q>o 
g,, Ie + sN2, RI 
P#O 
g,,,,@ -+ s1(2, R) 
c6,, = 1, 
c” -2 69- P, 
C8,,=2p-1 
C” _ 
($; I ;I 
c7,, = 1, 
c6,, = 1, 
c6,, = 2 P, 
c”,, = - 1, 
c44fJ = p, 
c5 - 59 - 97 
= $” = 1, 
c7;; = !’ 
= 9, 
;% = p, 
C7:(: = 1, 
= 
Et;: = ;I 
c4,, = 1, 
c 7 - 79 - P, 
c4,, = 1, 
c77, = p, 
49 = P, 
s, = 9 
c7,, = 1: 
= 
;:;; = :I 
c?,, = 1, 
CT, = 1 
c”,, = 1: 
c449 = P, c5,, = p, 
C”,,=l, C,,=l, 
c4,, = 1, c5,, = 1, 
c”,, = 1, CT,, = 1, 
cx, = 1 
c4,g = p, c559 = p, 
CG7H=1, c7,,=p, 
c7s9=1, c8,,=p 
z,, 49 =  9, 1, 
E’, 
58 =  1 P, 
= p, 
:i&l, 1;: $;: 
c449=p> c55,=9, 
-1 CT,,=-1, 
g:;; 11’ 
c”,, = 1, CG,, = 1, 
c5,, = 1, c6, = 1, 
c”,, = 9 
El c6 =I 
;:I= 1: p;; = ; 
= p, 
;;:; = - 1, 
c6,9 = p, 
c8,9 = 9 
c5,, = 1, c669 = 1, 
cx,9 = P 
gi5g : - 1 c”, = 1, 
pz= 2: -3 
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Name 
Levi 
decomposition 
The representation 
of the Levi factor 
that defines 
the semidirect sum 
Nonzero structure 
constants of the radical 
L 9.37 
L 9.38 
L 9.39 
L 9.40 
L 9.41 
L 9.42 
LP.4 
9.43 
Jx.44 
j-/h4 
9.45 
L 9,4n 
LG.49 
L 9.50 
2d3, I@ + sl(2, RI 
2.@5,8 + sN2, RI 
(6,,@@-3,3) 
@ + sl(2, R) 
JV--,3@ -+ sK2, RI 
‘626,4@ + sN2, R) 
.qs5@ + sN2, RI 
g,, I@ -+ sl(2, RI 
q + 0, Ipl Q 1 
g,.,@ + sK2, R) 
g6,1,@ + sK2, R) 
q#O 
g,. 13@ + sm, R) 
g,.,@ + sl@, RI 
ga5,8 -+ sK2, R) 
g,,J6f3 + sN2, RI 
c8 =l 45 ’ c9,, = 1 
c4, = 1, c5,, = 1, c6, = 1, 
c7,g = 1 
c4,g = 1, c5,, = 1, csG7 = 1 
c”,, = 1, c4, = 1, cs,, = 1 
c”,, = 1, cs5G= -1, cg,,=1 
cs4,=-1, C”,,=l, c”,,=-1, 
cg,, = 1 
c44g = 1, c;, = 1, c6, = p, 
c7 - 79 - PT c8,g = 4 
c4,g = p, c5 - 59 - P, 
c4,, = 1, c6 = 
c76g _ 
P, 
c5,g = 1, 79 - p, c8,, = 1 
$49 = p, P,, = - 1, c5,, = p, 
= - 1, c4,9 = 1, 
c5;; = 1, 
c6,g = p, 
CT,, = p, c”, = q 
= 
$1; = ;, 
= 
;:;; = ;, 
c5,, = 1, 
cs,, = 2 
c4m=1, P,,=l, c5, = 1, 
cT7, = 1, P,, = - 1 
cd,, = 1, cs,, = 1 
c6,g = 1- p, c5, = 1: 
cd, = 1, 
c7,g=1-pp,cs8g=p 
c44g = 3, c;, = 3, c”,, = 1, 
c4, = 1, c6ag = 1, c5, = 1, 
CT, = 1, cs,, = 2 
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TABLE 2 Continued 
The representation 
of the Levi factor 
Levi that defines Nonzero structure 
decomposition the semidirect sum constants of the radical 
G.51 
L 9.52 
LG.53 
L 3.54 * 
L 9.55 
G.56 
L 9.57 
L 9.58 
L 9.53 
L 3,m 
L 9.61 
L 3,62 
L 9.63 
g,.,,@ --) sl@, R) 
lpl Q 1 
g,.,,@ -+ SK% R) 2”,,,@2Do 
g,,,,@ + sl(2, R) 
pa0 
/yO,l.l@ -9 sl(2, R) 6.18 
g,, ,@ + sl(2, R) 
gs, ,@ + sl(2, R) 
p + 0; 
(d4f;‘@2d1) 
a3 -+ sl(2, R) 
p=o 
(3&l@&.,) 
@ --f sl(2, R) 
2D,,,@2Do 
~D,,,@=‘o 
::;; I ;I c”,, = 1, c*56 = - 1, c6 = 
6g P, 
c7,3 = p, 
c”,, = 1+ p 
$I;; I > c4,, = 1, c5,, = 1 
cs,, = 2 
c6,, = 1, c’,, = 1: 
CH45 = 1, c4,, = p, ca, = - 1, 
c5 = 
53 P, c75g=-l, cs,,=1, 
;:;i : ;, 
C” 
($; I ;;, 
c5,, = 1, 
ZZ 
;4;; = :: ;::;; 1:: $;; I : I, 
c7,,=1, cs,,=-I 
=l 
$;;=I: $szr;, 
c6,, = 1, 
c4,, = 1, cs,, = 1, c”,, = 1, 
C7,g = p, c”,, = p 
c77g = 1, cs,, = 1 
cg,, = 1 
“For the structure constants that define the semidirect sums, see Table 1. The Levi 
factors SO(~) and sl(2, R) are defined by C3,, = C’,, = C’,, = 1 and C’,, = 2, C3,3 = -2, 
Cl 23 = 1, respectively. 
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and are taken in the form explicitly given in Reference [3]. We give also the 
nonzero structure constants C:, (I, K = 4,. . . ,9 and j = 1,2,3). They are 
determined, via Equation (l), by the representations of the Levi factors and 
define the semidirect sums. 
Table 1 is supplemented by Table 2, in which we present the radicals 
corresponding to the representations of the Levi factors given in Table 1. As 
a consequence, we obtain 63 real Lie algebras of dimension 9 that admit a 
nontrivial Levi decomposition. The jth algebra of this type is denoted by 
Z,gT*... , where the superscripts give the parameters on which the algebra 
depends. Restrictions on the range of the parameters are imposed to avoid 
double counting and decomposability into the direct sums of lower-dimen- 
sional algebras. 
The following notation for the solvable algebras that form the radicals is 
used. n&i denotes the Abelian n-dimensional algebra. -Qzr,j denotes the 
jth algebra of dimension r, r Q 5; for commutation relations see Reference 
[8]. For the real nilpotent algebras of dimension 6 we use the names &a,j; 
for commutation relations see also Reference [8]. However, there is a small 
difference between our notation and that of Reference [8]: for the algebra 
&& (a < 0) we use simply the name &&. The reason is that the following 
isomorphisms exist: @&(a < 0) m u&’ and &<,(a > 0) _ &a, i@ &a, 1, 
where N denotes isomorphism of the algebras; therefore, the parameter a 
can be suppressed. 
There are 99 types of 6-dimensional solvable algebras that contain 
nilradicals of dimension 5. These algebras are listed by Mubarakzyanov 
[9] and are denoted_ by ga, j (j = 1,. . . ,991. Additionally, we define the 
algebra g&, = Q(~,,@u’~ given by the following nonvanishing commutators: 
[e,, e4l = e,, [e,, es1 = e,, [e,, e61 = 2pe,, [e,, 4 = pe, + qe,, [e,, eel = pe, 
+ qe,, [e,, 4 = pe, - qe,, [e,, eel = pe, - qe,, where p E R and q E [w are 
parameters. We have g&, _ gs,az over the field of complex numbers @. 
The list of 6-dimensional solvable algebras that contain 4-dimensional 
nilradicals is given in Reference [2]. These algebras are denoted by Ma, j. 
4. THE CLASSIFICATION OF COMPLEX LIE ALGEBRAS 
The classification given in the previous section provides also starting 
point for the classification of complex g-dimensional Lie algebras that possess 
a nontrivial Levi decomposition. In this section we give the entries in Table 
2 which coincide over the field of complex numbers C. 
Since the Levi factors so(3) and sl(2, R) are the real forms of the complex 
Lie algebra sl(2, C), the representations D,, 2J%,27 D,,2D, and 
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adso(3), R,,R,,2adso(3) are equivalent, respectively, over the field C. As a 
consequence, one can prove the following isomorphisms: 
q.; N LPB9 
9.34, 
L x4 - L9.42, 
L 9.8 N L9..54) 
L , 9.9 N L9 55’ 
L 9,lO - L9,6,, 
L 9.11 N L9.62. 
One has g,, 1 - a,8 - g6.11 over C. This implies the following additional 
isomorphisms of the algebras in the list above: 
LP.9 
9,32 - Lyp:&, 
j-y.4 
9.43 N La. 
On the strength Of the isomorphisms g6,1 N g6,6, &, 13 N g6,35, g6.13 - g6,32? 
g6,82 - g6,&9, Jy6.1 
- -‘f&3, &6,5 ly 24~~ =‘%:i!? - 2@& and g6.62 - g6.92 
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among the complex solvable algebras that form the radicals of nine-dimen- 
sional algebras that appear in Table 2, one obtains, respectively, 
Lg;.j’ u Lg.;& . ’ 
LP.4 
9.17 - L9p;&, 
LP.4 
9,1.3 - L&&> 
Gb.5 , Iy L,P 27’ 
LP.q 
9,28 N q);g, 
L 9.37 N L9.42~ 
L 9,38 - L9*54) 
L6.5, - G.53. 
Finally, over the field C, transformations of the basis elements of the radicals 
g,,, and g,,,, are allowed that lead to the following isomolphisms, respec- 
tively: 
L&Y u G,L 
Gl,51 N L9.5~~ 
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